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Abstract 

We study a generalization of the Alexandrov-Kontsevich-Schwarz-Zaboronsky (AKSZ) 
formulation of the A- and B-models which involves a doubling of coordinates, and 
can be understood as a complexification of the Poisson cr-model underlying these. 
In the fiat space limit the construction contains models obtained by twisting an 
N=2 supersymmetric a-model on Hull's doubled geometry. The curved space gen- 
eralization involves a product of two diffeomorphic Calabi-Yau manifolds, and the 
0((i, d) metric can be understood as a complexification of the CY metric. In addi- 
tion, we consider solutions that can not be obtained by twisting the above a-model. 
For these it is possible to interpolate between a model evaluated on holomorphic 
maps and one evaluated on constant maps by different choices of gauge fixing 
fermion. Finally, we discuss some intriguing similarities between aspects of the 
doubled formulation and topological M-theory, and a possible relation with results 
from the theory of Lie and Courant algebroids, where a doubled formulation plays 
a role in relating two- and three-dimensional topological theories. 
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1 Introduction 

The Alexandrov-Kontsevich-Schwarz-Zaboronsky (AKSZ) formalism [T] is an application of 
the Batalin-Vilkovisky (BV) quantization procedure |2l [3] suited for the construction of topo- 
logical quantum field theories. Starting from the AKSZ formulation of the A- and B-models, 
we study an extension in which the number of coordinates is doubled, and which can be un- 
derstood as an AKSZ model on a complexification of a Calabi-Yau manifold. The number 
of models that can be obtained from the doubled formulation is too large to consider in full 
generality, and in this paper we restrict the analysis to two quite general classes of solution to 
the master equation. 

For the first class, in the flat space limit, one recovers the doubled A- and B-models that are 
obtained by twisting an N=2 supersymmetric action on Hull's doubled geometrjj^ IHEl 13 [7], 
whose derivation is also a new result of this paper. In curved space the solution generalizes 
to a product of two diffeomorphic Calabi-Yau manifolds whose metrics are locally the same, 
and the role of the 0{d, d) metric of Hull's doubled formalism is played by a complexification 
of the Calabi-Yau metric. The precise meaning of complexification in this context is given in 
terms of a normal coordinate expansion, which is determined by the solution to the master 
equation. We also argue that the partition function of the doubled theory doesn't simply 
calculate the square of the A- and B-model partition function, but rather the squared norm. 



^Throughout the paper we will be referring to the scenario with aU directions doubled. 
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This gives an indication of a possible relation with topological M-theory, since the Hitchin 
functional formulation of topological M-theory [HI [9] on a Calabi-Yau times a circle calculates 
the Wigner transform of IZa/bI'^u 

The second type of solution is characterized by the property that one can interpolate 
between a model evaluated on holomorphic maps (A-type) and one evaluated on constant 
maps (B-type) simply by a choice of gauge-fixing fermion. A related observation is that in 
the flat space limit one can not obtain such models by twisting the N=2 action on Hull's 
doubled geometry. We consider a particular example in detail, and show that the A-type 
model is formulated in terms of the product of two manifolds, while the B-type model sees a 
complexification of a single manifold. By assuming an absence of a BV anomaly, which implies 
that A- and B-type models related by a gauge transformation are equivalent, we conjecture 
some possibilities as to what solutions to the master equation are possible when the target 
space is curved. 

Since the ideas of BV and AKSZ quantization are not widely familiar, we give a somewhat 
self contained review in section [2l In section [3] we review the AKSZ constructions of the 
standard A- and B-models, and in section H] we discuss the details of the doubled formulation. 
In section [5] we discuss a construction from the theory of Lie and Courant algebroids, in 
which a doubled formalism plays a role in obtaining a relation between topological string and 
membrane theories. An intermediate result that arises in this construction also offers some 
insight as to the relation between the two classes of solution to the master equation which we 
consider in this paper. 



2 The Batalin-Vilkovisky formalism and AKSZ 

In the context of standard gauge theories, the BV quantization procedure provides a method 
for gauge fixing, by which we mean that it gives a prescription for obtaining an action without 
any local symmetries starting from a gauge theory action, and that it defines what the physical 
amplitudes are. At the same time, it turns out that the BV prescription naturally defines a 
supermanifold with a certain structure, which we will refer to as a BV geometry. In Subsection 
12.11 we will explain how this geometry emerges from the gauge fixing perspective, but let us 
first define it. 

Consider a supermanifold with an odd symplectic structure (■, ■) [llj. To obtain a BV 
manifold, we require that in addition it admits a volume element a such that the Laplacian 
operator A defined by its action on a function /, A/ := divKf, where Kj := (■,/) obeys 
A^ = 0. Then one can show that given a function F that obeys AF = 0, the integral over a 

^The conjecture is verified at genus zero for tlie B-model; at genus one the conjecture needs to be modified 
as described in [lOj . 
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Lagrangian submanifolqj L 

l^aF (2.1) 

is invariant under deformations of L. If we identify the above with a path integral, then this 
theorem is tantamount to the independence of the quantum theory on the gauge choice. To 
make contact with the standard expression for a path integral measure, we express F in terms 
of a quantum BV action S, F = exp h~^S. The equation AF = reads 

hAS + {S,S)=0, (2.2) 

and is known as the quantum master equation. The part proportional to h can be understood 
as a quantum correction, so the classical BV action is required to obey the classical master 
equation 

{S, S) = . (2.3) 

The geometric description of BV quantization was first given in pjj (see also |12j). In the 
terminology introduced in these papers a supermanifold with an odd symplectic structure is 
referred to as a P-manifold, while the BV manifold is referred to as an SP-manifold. 

In quantum field theory, the BV manifold is an infinite dimensional space of fields, so S 
is a functional and J^a exp h~^S is a functional integral. The measure a can usually not 
be rigorously defined. An action that obeys the classical master equation is taken as the 
starting point in the perturbative evaluation of the quantum field theory, and the partition 
function is defined using the Feynman diagram expansion, and only makes sense if the theory 
is renormalizable. The quantum action 5*^ can then only be understood in terms of regulators, 
since in the limit when the regulators are taken to zero Sg is infinite. The quantum master 
equation must also be regularized: it turns out that the A operator is ill-defined for infinite 
dimensional manifolds, and must itself be regularized. 

Therefore, we see that a QP-manifold that is, a P-manifold equipped with an odd 
vector field 

Q:=i;S) (2.4) 

that obeys = (which is equivalent to the existence of a function(al) S obeying (5, S) = 0), 
is the supergeometry corresponding to a gauge theory before quantum corrections are taken 
into account. Because a renormalization procedure is not needed in the evaluation of the 
topological theories of the type that we address in this paper, one can understand their content 
already from the solution of the classical master equation. This is equivalently stated as the 
fact that topological theories can only depend on h via topological terms. In the AKSZ 
procedure, which we describe in detail in Subsection 12. 2[ a QP-manifold is constructed from 
standard geometrical structures, and this is enough to define the full quantum theory. 

•^The definition of a Lagrangian submanifold in the context of a BV manifold is the obvious extensions of 
the standard one: a submanifold with half the maximal dimension such that the odd symplectic form restricted 
to it vanishes. 
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2.1 BV: The standard approach 

In this section we describe how the BV geometry arises in gauge fixing a classical gauge 
invariant action Sq. Let us take Sq to depend on a set of fields 4>^{x), and we express the gauge 
symmetries as 

6(j)' = e'^R'a , (2.5) 

using the shorthand deWitt notation, where repeated indices signify both summation and 
integration and which will be used throughout this section. The gauge transformations are 
labeled by the capital letter index, stand for a set of transformation parameters depending 
on X, and written out in full the above expression reads: 



e^'R^ = J dze''{z)R\{x - z) . (2.6) 
Then gauge invariance of the action is expressed as 

f .^Hk = (2.7) 

in the deWitt notation. 

The first step in the gauge fixing procedure is to introduce ghost fields c"^, which have 
opposite parity to the gauge transformation parameters e^. These are grouped together with 
0' under a collective field, 

$" = {0*,c^}. (2.8) 

To obtain the supermanifold on which the BV structure will be defined, we introduce the fields 
, having opposite statistics to referred to as antifields. The P-structure is defined as 

^ ^A~6B *6A~6B , , 

acting on two objects A and B that depend on $ and 

The Q-structure is defined by extending the classical action with terms depending on ghosts 
and antifields, as 

Smin^So + (l)*c^R^A + --- ■ (2.10) 

For reasons that will become clear shortly, Smm is called the minimal solution. The dots are 
completed by requiring jS'min to be a solution to the master equation 

(•S'min; 'S'min) = , (2.11) 

For a gauge algebra that is not reducible and closes on-shell the solution to the master equation 
is given by 

S^in ^So + (t>-c^R\ + c^A^ AfiC^c^ , (2.12) 



4 



where A^'^^ are the (possibly field dependent) structure functions of the algebra. The master 
equation reads 



2 ('S'lniri) 'S'lxiiti) 



5<p 



+ d 



6R\ 



(2.13) 



D 



ZiV ApC- gh(^ c C C C Ua 



where e G Z2 is zero when the field in its subscript is bosonic and one when it is fermionic. The 
term independent of antifields expresses the invariance of the action, the term proportional 
to 0* the closure of the algebra, while the term proportional to c* is related to the Jacobi 
identity. For gauge algebras that close only off shell (open algebras), terms non-linear in the 
antifields are needed to obtain a solution to the master equation. 

The gauge fixing step consists of picking a Lagrangian submanifold of the PQ-manifold. 
The obvious choice is given by setting all the antifields $* to zero. This just leaves the standard 
gauge invariant action, which is clearly not a good starting point for defining the quantum 
theory. So we seek a deformation away from this choice, by performing a canonical transfor- 
mation, that is, a transformation $—>$',$* ^ $*', that preserves the antibracket (12.91) . It 
can be shown that such a transformation is generated by a fermionic function F($,$*') of 
fields and antifields as: 

5F($,<I>*') 5F($,$*') 



5$A 



(2.14) 



It turns out that for purposes of gauge fixing it is sufficient to consider a less general set of 
transformations when F is of the form 



(2.15) 



where \l/ is referred to as the gauge fixing fermion. Furthermore, it is sufficient to let depend 
only on fields, so that the canonical transformation acts only on antifields. In this case they 
are simply 

^<i>: + (^(<i>),<i>:) , (2.16) 

The reason why this is sufficient is that the above transformation deforms the classical action 
by terms coming from the antifields dependent part of the extended action, but doesn't gen- 
erate field redefinitions, i.e. = In order to perform a field redefinition and preserve 
the canonical form of the antibracket (12.91) . it is necessary to generate these via fl2.14p . 

The minimal solution has a global U{1) "ghosts" symmetry, where the U{1) charges, re- 
ferred to as ghost numbers, are conventionally assigned as 



gh(0^ 







gh(c^ 



gh($;) = -gh($'^ 



1 



(2.17) 
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In order for the canonical transformation to preserve ghost number it's necessary that gh{F) = 
gh(\[^) = —1. We need a \1/ independent of antifields, but such a fermion can't be constructed 
from the fields in the minimal solution, since these all have positive ghost number. To cure 
this auxiliary field pairs 6^ and are introduced, with gh{b"^) = — 1 and gh(A'^) = 0, which 
can then be used to construct an appropriate The extended action with the auxiliary fields 
(the non-minimal solution) reads 

>S'ext = 'S'min + ■ (2.18) 

After performing an appropriate canonical transformation one obtains an action that, after 
setting the antifields to zero, does have a well defined propagator. In fact, what is meant by 
"appropriate" is simply that a propagator exist, as there is no unique recipe for choosing the 
fermion; there are many gauge choices that do the job. The crucial ingredient that guarantees 
the independence of the theory on this choice, in the language of BV geometry, is the theorem 
mentioned in the context of (12. ip . 

The solution to the master equation defines a nilpotent operator, Sby'- 

<5BvA:=(A5'ext) . (2.19) 

5bv^" is independent of antifields only if the solution to the master equation is linear in the 
antifields (12.121) . in which case it corresponds to the standard BRST transformations. It is 
conventional to define the BRST operator in the general 

<^BRST$" = 5bv$1*.=o , (2.20) 

however, this operator then only nilpotent up to the equations of motion whenever S^xt has 
terms nonlinear in antifields. At the linear level antifields act as sources for the BRST trans- 
formations. In the quantum theory, the Ward identities derived from the BRST transforma- 
tions are expressed using the partition function perturbed by the antifield sources, namely 
exp (iSext)- This is essentially (12. ip with the antifields treated as background fields in 
the path integral. In this paper we will often write down extended actions as a convenient 
way of expressing the BRST transformations together with the classical action. 

The transformation (I2.19P also defines physical observables. Without any restrictions on 
the observables the theory would be non-unitary, since the ghost fields don't obey the spin- 
statistics theorem. The natural restrictions is to require observables to obey 6byO = 0, because 
then one can show that their expectation values are independent of the gauge choice (this is 
a simple extension of the theorem that guarantees the gauge independence of the partition 
function). However, any observable of the form O = 6byF can be considered trivial since it 
is automatically closed, and it follows that physically distinct observables are classified by the 
cohomology of 6bv- In order to respect the classical limit, a further restriction is to require 
observables to have ghost number zero. 
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2.2 BV: The AKSZ approach 

In the AKSZ approach fl] the idea is to construct a PQ-manifold starting from a standard 
geometric structure, rather than from a classical gauge theory. In very general terms, the 
idea is to construct two finite dimensional PQ-manifolds, one intended to be the target space 
and the other the base space of the cr-model, and then define a quantum field theory using a 
canonical PQ structure defined on the space of embeddings of the base space into the target 
space. The reason why it is sufficient to consider a PQ geometry to define the theory, rather 
than the full BV geometry, is because the theories constructed in this geometric manner turn 
out to be topological. 

The PQ-manifolds we'll consider in this paper will be cotangent and tangent bundles over 
a Poisson manifold, with parity reversed fibers. Let us take the target space base manifold 
as Ad, then the parity reversed cotangent bundle is denoted as IlT*Ai, where in general 11 
will stand for parity reversal. The PQ structure on IlT*Ai is defined as follows. Take to 
be coordinates on Ai and tTj the odd coordinates on the fibers, the odd symplectic bracket is 
given by 

, , dA dB dAdB , , 



and the Q-structure is obtained from 

1 
2 



S = -P'i{X)ni'Kj , (2.22) 



where the master equation is satisfied provided that P'-* defines a Poisson structure on M., 
i.e. = 0. 

Since we are considering string theories, the base space will be a parity reversed tangent 
bundle over a two-dimensional worldvolume, IITS. There is a canonical PQ structure on the 
space of maps from IITS to lYT*]^. Take the local coordinates on IITS to be 

li:={z+,z-,e+,e-} , (2.23) 

where are holomorphic and z~ anti-holomorphic worldsheet coordinates, and 6^ are the 
fermionic fiber coordinates. The fields X{fi) and 7r(/i), are referred to as de Rham superfields. 
We note that X(//) is a map HTS M, while 7r(^) is a section of nT*S ® X*{UTM). The 
P-structure is given by 

^' - J " " (im^) - I ■ 

The Q structure is defined from the action 



S= I d'^-P'^{X)7T,{fi)7r,{fi) , (2.25) 
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where 

(ffi = dz+dz'd9+d9- . (2.26) 

The ghost numbers are assigned as 

gh(X) = , gh(7r) = -1 and gh(6'^) = 1 , (2.27) 

so that gh((i^/i) = —2, and gh(S') = 0. 

The action (12.251) is actually that of the standard Poisson cr-model [T3j, which can be seen 
by expanding in terms of the worldsheet superspace coordinates, 

= 0'= + r 7r+'= + e+Tv;' - e+e-xt , (2.28) 



— J,* 
k ; 



where an initial choice of Lagrangian submanifold has been made, i.e. we have chosen which 
component fields are to be treated as fields and which as antifields. This should be contrasted 
with the gauge fixing in the previous subsection, where it was clear, by construction, what the 
fields and the antifields were. Here we need to make a choice, and there is no guarantee that 
different choices will give the same theory. Examples where they do not do so have been given 
in [T4t [15], and a further example will be given in the next subsection, where we show that 
the B-model can essentially be obtained starting from the same AKSZ action as the A-model, 
( I2.25p . by making a distinct choice of Lagrangian submanifold. The antibracket is expressed 
in components as: 

/• 2 7y4 5 5 7 A 1b ^A ~6B 7a~SB 
^A 1b ^A 1b ^A 1b ^A 1b 

+ T -—I - T + 



Integrating over the fermionic coordinates in fl2.25p we obtain the extended action: 

S=Jd'z - 7rt'P'\,x^'^^, + n;'P'\,x^^^, (2.30) 

where ■= In terms of the standard BV construction (see in particular (12.121) ). 

the first term corresponds to the classical action, Xk are the ghost fields, the gauge symmetry 
transformations can be read off from the terms linear in and 0*, and the structure constants 
of the algebra from the term proportional to x*- The term quadratic in the antifields is present 
due to the algebra of these symmetries closing only on-shell. 
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Finally, there is the following important distinction to the gauge fixing procedure of the 
last subsection. There, in order to respect the classical limit, it was crucial that the fields 
of the classical action and the observables had ghost number zero. This requirement can be 
dropped for topological theories, which in particular means that it is not a priori necessary to 
introduce auxiliary pairs. 



3 The AKSZ construction of A- and B-models 

One way to obtain the A-model [1] is to start with the Poisson a-model of the last subsection 
fl2.25p . with P*-' given by the inverse of the Kahler form, which we denote by uj. The choice of 
Lagrangian submanifold in (12.281) is in fact the correct one for the quantization of topological 
models related to deformation quantization [121 [ISl [13 • order to obtain the A-model one 
needs to choose a more "refined" Lagrangian submanifold by making use of an almost complex 
structure in the target space (in what follows we are taking the target space to be Kahler, and 
the structure to be actually complex, but this is not strictly necessary [TH]): 



TT+a ^ TT+jj — > TT+jj 7r_cr ^ V'jcE 7r_„ ^ 7r_„ (3.1) 

referred to (anti)-holomorphic coordinates X" {Xl^). In addition, it is necessary to make an 
infinitesimal canonical transformation (12.161) away from this choice, generated by the fermion 

* = - y d^zu-p - a+ZV'-) • (3.2) 

After integrating out the auxiliary fields vr+a and 7r_^ one obtains the BRST closed part of 
the standard A-model action (up to an overall factor of i), 

S= I d?z 



ig^-pd^rd^cjy^ + xAd+r- + T^^d^ri^^.) (3.3) 

- ^ J(a+<^^ - iTf^ii^U^) + tx':r''\xux^ + ^x:^%x.x^ 

where the convention is u^-^ = ig^'p- To obtain the full A-model action a topological term, 
namely the pullback of the Kahelr form to the worldsheet, must be added: 

^- = \j d^l^u^.DX'DX^ = ^J d^zu^,d+(l)'d.(l^, (3.4) 
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where 

D ■=9+0+ + 9-3^ , (3.5) 

and obeys D'^ = 0. This is a topological term due to dtu = 0, and S' = S + S^j still satisfies the 
master equation, and because it can be written directly in superfields, there is no problem in 
adhering fully to the AKSZ procedure and including it from the start fl2.25p . A closed 6-field 
can be introduced in the same manner: S^j+b- 

According to the fixed point theorem ^I9j , the path integral only obtains contributions from 
maps for which the BRST transformation of the fermions vanish. For (13.31) this is satisfied by 
setting the fermions to zero, and for (p"" evaluated on holomorphic maps: 

a_0" = a+0^ = o. (3.6) 

In pOl [2T] a different argument is given, which states that the model is evaluated on maps 
for which the part of the action given by 5brst^ is identically zero. From the AKSZ point of 
view the two arguments can easily be seen to be equivalent, since in the extended action both 
the BRST variation of the fermions and 5brst^ are obtained by the canonical transformation 
of the part of the extended action quadratic in -0*. 

When comparing the above derivation of the A-model with the one obtained from twisting, 
an apparent discrepancy is that in the former the x fields have a downstairs index, whereas in 
the latter the index is upstairs. One obtains observables by associating with the differentials 
d(/)^ on the target space, since 5brst0* = x\ ^brstX* = 0, and the observables are therefore in 
correspondence with the de Rham cohomology of A^. In (13. 3p it is g^^Xj that are associated 
with dz^, and this is the reason why Xi don't transform trivially, as can be gathered from the 
presence of terms linear in x*- To put the action in the standard A-model form, one needs 
to make the field redefinition x*' = ^^^Xji ^^id as was discussed in 12. 1^ in order to preserve 
the antibracket, this must be done via a canonical transformation (I2.14p . The appropriate 
generating fermion is 



X^u/^X, + ^1^^^ , (3.7) 



where stands for all the fields in the action. This transformation precisely eliminates the 
X* term in (13. 3p . 

The A-model can also be obtained from an AKSZ action whose target space is II{TJV[ © 
T*M) 



S= d^fi 



2 ^ 



(3.8) 



where tt* are taken to be the fiber coordinates on IITA^. In order to define a P-structure it 
is also necessary to introduce a set of fields Xj^ to which tt^ are the antifield partners. The 
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antibracket is given by 



{A, B) := / 



5A5B 6A6B 6A6B 6A6B 
6JO~67i 'd^ilX' Jx,~S^ Sn' 



(3.9) 



the additional de Rham superfields X(/i) and vr(/i) are expanded as, 



vr 



(3.10) 



k 



and the component BV bracket is given by the obvious extension of fl2.29p to the doubled 
fields. The action (13.81) satisfies the master equation if duj = 0. We will also consider the 
following action from which the A-model can be derived, and which explicitly involves both 
the complex and the Kahler structures of Ai: 



s= / 



(3.11) 



It also satisfies the master equation provided that dcu = 0. As a somewhat heuristic argument 
for the equivalence of the above two actions with the formulation in terms of o;"^, we note that 
eliminating the tt fields for either action gets us back to f l2.25p up to overall normalization. 

In pp the B-model is essentially obtained from the second of the above actionj^, after 
setting the uj term to zero, 

S = j d^^{m^n" - in^n'^) . (3.12) 

The notation we use doesn't follow pj, but is more in line with the doubled extension we 
propose in the next sections. In components (I3.12p reads: 



S 



— Z7r_„7r 



(3.13) 

After making the following choice for the Lagrangian submanifold. 



7r_ 

TT 



a 

—a 



*a 



(3.14) 



-/3 



-/9 



together with the corresponding choices for vr* and n^, and performing a canonical transfor- 
mation generated by 



(3.15) 



"^It is also possible to consider the smaller bundle n(T(°'^^ A^©T*(^'"'7W) as the target space for the B-model 

El Bi- 



ll 



one obtains the extended action 



S= d'z 



u^-j^d.cp^d+r + uj^f^d^<p^d.r (3.16) 

The auxihary fields have been ehminated (in this case the equations of motion simply set them 
to zero). By setting -0 = = 0* = 0, as well as 0* = we obtain the extended action of 
the (^BRST exact part of the B-model in fiat space. To obtain a version valid in curved space, 
one would have to gauge fix using a covariant version of fl3.15p . The term analogous to (13. 4p 
in the A-model, that must be added in order to obtain the full B-model extended action, now 
involves the fermions 1191: 



d=^^xa(9+r - 5-^:) ■ (3.17) 

One can easily check that this is BRST invariant, even though it is not topological in the same 
sense as (13.41) . The fixed point theorem implies that the B-model is evaluated on constant 
maps, 

= a+(^" = , (3.18) 

and with the fermions set to zero. Observables are given by (O,p)-forms with values in 
/\'?y(i.o)_y^^ that is, objects of the form 

, (3.19) 



where the association is 



, X^^d(t)f. (3.20) 



This particular derivation involves treating all of the coordinates 0", 0^, 0^ and 0^ as 
independent coverings of M. during the gauge fixing procedure, and correspondingly as inde- 
pendent fields in the cr-model, and only imposing a reality condition at the end. This should 
be contrasted with the doubled interpretation we propose in the following section, when the 
tilde and non-tilde fields are treated symmetrically during the gauge fixing, but / 0° (and 
0a / 4>a) are not taken to be independent. 

The B-model can also be derived starting from the same AKSZ action as the A-model 
(I2.25p . We make the choice of Lagrangian submanifold (I3.14p . excluding the tilde fields, and 
then preform the canonical transformation generated by 



(3.21) 
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Having also performed the transformation (13.71) one obtains the action 



S= d'z 



ITX 



(3.22) 



The clear difference to (13. 3p with this choice of Lagrangian submanifold is that there is no 
term quadratic in and that the vr fields are not auxiliary. The fermionic term is the same 
as in the standard B-model formulation, while the role of 7r^_^ and 7r_^ is to restrict the theory 
to constant maps. Furthermore, since doesn't feature in the part of the action independent 
of the antifields, the 0* can be dropped from the extended action. To put (I3.22p into the 
form (13.161) . we perform the field transformations 



TT 



TT 



+/3 



TT 



(3.23) 



Again, in the curved case this should be done as a part of a canonical transformation (I2.14p . but 
in the fiat case this is equivalent to simply making the substitution. Now the transformations 
of ipt and ip^ contain the standard B-model ERST transformations, as well as tt dependent 
parts, but one is free to set all the tt terms to zero, which yields precisely (13.161) . since the 
fixed point theorem ensures that the model is evaluated on constant maps. 



4 The doubled picture 

In the previous section we described two derivations of the A-model, (13. 8p and (13. lip , and a 
derivation of the B-model, (13.120 . that involved a doubling of coordinates as an intermediate 
step. It seems like a natural generalization to investigate AKSZ actions that treat the coor- 
dinates X* and Xi on the same footing. Geometrically, instead of taking the target space to 
be Tl{TM. © T*7V1), the idea is to work with two copies of the same Calabi-Yau, M. and M., 
where are coordinates on Ai, and tt-' fiber coordinates on the parity reversed cotangent 
bundle over M.. Throughout we will make an effort to understand the special case when the 
target space is Hull's doubled geometry O El [7], meaning that is a 2n-torus and M. the 
T-dual 2n-torus. 

In section l^?T] we write down the most general AKSZ action quadratic in tt and tt, and then 
concentrate on two reasonable generalizations of the standard A- and B-model formulations. 
The first is constructed using the inverses of the Kahler forms on M. and M. , and reduces to the 
sum of two Poisson a-models when the mixed terms, those involving both tt and tt, are set to 
zero. The second case involves the Kahler forms themselves, and the AKSZ action can not be 
reduced to a sum of two actions that separately satisfy the master equation. In the fiat space 
limit the master equation is naively satisfied irrespective of the global properties of the target 
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space. However, when Ai and A4 are 2n-tori, we show that for a subset of the second type 
of the aforementioned actions the master equation is only satisfied in arbitrary coordinates 
provided that M. and M. are related by T-duality. In section 14.21 we discuss the topological 
twisting of the N = 2 supersymmetric cr- model on Hull's doubled geometry. In section we 
consider the choices of Lagrangian submanifold. The number of possibilities is large, but only 
two are able to yield models that localize on holomorphic or constant maps. With the others 
one is able to interpolate between the two types of theory by a canonical transformation, and 
we refer to these choices as intermediate. Unsurprisingly, it is via the former two that one 
obtains the twisted models on Hull's doubled geometry, which we demonstrate in section 14.41 
The procedure is straightforward from the AKSZ action constructed with the inverses of the 
Kahler forms. However, the AKSZ action constructed from the Kahler forms is singular when 
the target space is Hull's doubled geometry, and in order to obtain the twisted models one is 
forced to consider a limiting procedure. This has a particularly desirable feature that in the 
limit in which one recovers the twisted models, the actions obtained by the intermediate choices 
of Lagrangian submanifold are set to zero. In section 14.51 we discuss a class of solutions to 
the master equation that yield non-trivial theories for the intermediate choices of Lagrangian 
submanifold, but are not able to recover the twisted models. They are characterized by 
being able to interpolate between a model evaluated on constant maps and one evaluated on 
holomorphic maps via a canonical transformation. From the standard BV arguments, in the 
absence of an anomaly, the resulting theories should be equivalent. This offers some intriguing 
questions as to whether this setting may offer some insight on mirror symmetry. At this stage 
we are only able to speculate on some of the possibilities. 



4.1 The general setting 



An obvious way to obtain an action that treats X* and Xi symmetrically is to add the term 
S^^TT^vr^to (EUD: 



S= d'fi 



We will also consider the action constructed from u ^ and u ^: 



S= d^fx 



(4.1) 



(4.2) 



Both actions satisfy the master equation only if oj and uo are constant, and in what follows 
we will try to understand the appropriate generalization to curved space. An important 
observation is that in (14.21) turning off the mixed terms just yields a sum of two Poisson cr- 
models, and the master equation is then obeyed in curved space. This is not true when one 
turns off the mixed terms in (14. ip . 
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The most general action quadratic in tt/tt is of the form 



S= (f^i 



(4.3) 



where all of the tensors P, W , and Q depend on both X and X, and the conditions obtained 
by imposing that S satisfies the master equation (12.111) are, 

where the comma notation is shorthand for: 



^^x,Xf...?^. (4,5) 

To generalize (14.11) to curved space we make the ansatz 

Pij = Pi, {X) = iUij (X) Qij = Q'^ (X) = u'^ (X) (4.6) 

and for (g^D 

P,, = P,,{X) = u,,{X) Q,, = Q'^iX) = Lo'^iX) . (4.7) 

Let us first consider (14.61) . and suppose that we know the Kahler form on M., oj^, explicitly, 
and expand it in normal coordinateqj: 

uJ^-p = i{5-p + R-^^^\x,X'<X^+---) . (4.8) 

We also expand uj as 

^"^ = ±i (^<5"^ + ^'"^^^|jf^X^X^+---) , (4.9) 

but do not a priori assume a relation between R and the Riemann tensor on M., instead letting 
the master equation determine this, as well as the appropriate form of W . The choice of sign 
in (14. 9 p turns out to be important. This is, of course, relative to the signs of the other terms, 
but the first term in the expansion of W is already determined, W^^ = i6^, W-^ = —iS^, in 
order to agree with the flat space limit (14. ip . 

For the — sign case the master equation (14.40 is solved, to the first order in the expansion 
in R/R, provided that 

= i[6'^ + R^-p;X^X~^ + ^'^^^X.X^ + R^/'Xl^X^ +...) , (4.10) 



^For the use of normal coordinates on a Kahler manifold see [25l. 
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W^^ is the complex conjugate, and that 

R^-^"\xo = R°'^-^\xo ■ (4-11) 

Thus, u^-j^ and uj°'^ are expansions of the same Kahler form, and W can be understood as its 
complexification. A less desirable feature of this solution is that in the flat space limit the 
number of degrees of freedom is halved, as we will explain shortly. 

For the + sign case in (14.91) the master equation is solved provided that W has the expansion 

= t{s'^ + R^-p;X^xi^ + R''~^\X,X-p + R^/'X^X^ + ■ ■ ■ ) , (4.12) 

W^^ is the complex conjugate and 

R^-'^^lxo = -R"'^-^\x^ . (4.13) 

Now, the condition (14.13P implies that to the lowest order in R the expansion of uj corresponds 
to the inverse of the Kahler form. So we are actually constructing a bi- vector on Ai, rather 
than a 2-form. Thus the solution no longer treats objects on A4 and Ai on the same footing 
in the AKSZ action, but it avoids the problem with the reduction of degrees of freedom. 
For the (14.71) case, we first expand uj~^ as 

u;^~^ = z{s'^~^-RJ\xXXt+---) , (4.14) 

and the master equation requires that is a complexification of the inverse Kahler form, in 
the same sense as (14.101) is a complexification of the Kahler form. The expansion of uj^-j^ is 
again determined by the master equation, and as expected it corresponds to the expansion of 
the inverse Kahler form. 

In the fiat space limit the master equation is satisfied simply because nothing in (14. ip / (14. 2 p 
depends on X or X. However, for the fiat space limit of the — sign solution in (14.91) . one obtains 
the condition the master equation is satisfied in curvilinear coordinates only when Ai and At 
are related by T-duality. We demonstrate this for the simplest case when At and At are 
2-tori, with real coordinates X^, X'^,Xi, X2, which run from — | to |, and 



U12 = m , u ^ = m . (4-15) 



The forms 



4sin"'(iA;7r) 



(l-4sin2(*|i)(Xi)2)^(l-4sin2(f )(X2)2)i ^^'^^^ 



4sin^(iA;7r) m 



k^TT^ (1 - 4sin2(*|t)(Xi)2)5(l - 4sin2(f )(X2)2)5 



16 



are related to (14.151) by the diffeomorphism 



1 



X-^ sm(M-) , X,^ sm{knX,), (4.17) 

2sm(^) 2sm(^) 

parameterized by < /c < 1. Here i = {1,2}, and the normahzation is determined by requiring 
the — I to I range of coordinates to be preserved. The — > hmit takes us back to (14.151) . 
but for the master equation to be satisfied for non-zero k, one needs to take W' to be the 
2-form on X whose only non-zero components are 

4sin^(iA;7r) 1 

W ' = — — ^ (4 18) 

A;%2 (i_4sin2(^)(Xi)2)^(l-4sin2(^)(Xi)2)i ' 

and it is also necessary that 

m = i . (4.19) 

m 

The latter requirement can be understood by looking at the last two lines in (14. 4p . Only the 
last term in each equation is zero by itself, and since W' doesn't depend on m or m, this 
dependence must also drop from the first term in each of these equations. The equations on 
the first line of (14. 4p are automatically satisfied since A4/A4 are two dimensional. But it's 
easy to see that this is also automatic if we extend the above diffeomorphisms to a d = 2n 
dimensional torus, since the first term vanishes, and the contracted index in the second term 
has to be different to i and j, but uj only depends on the i and j coordinates. We stress 
that the master equation does not impose the T-duality condition when considering (14.21) in 
curvilinear coordinates. 

A feature of the solution we just described is that it is degenerate. Namely, expressing it 
in flat complex coordinates, so u-^j = uj-^j = m, the action (14.11) can be written as 



imUn^ '7ij)(i'K^ —tti] 

m m 



(4.20) 



Thus the number of independent fields is halved, and we are essentially back to (I2.25p . It turns 
out that it's necessary to perform a limiting procedure in order to obtain a doubled topological 
model. The halving of degrees of freedom does not occur when u^j = —uiii, so in particular 
+ sign solution in (14. 9 p does not have this feature. Furthermore, the curved space Lagrangian 
for the — sign solution can also not be written as a square of something at arbitrary points 
in field space. This can be understood from the action in its general form (14. 3p . which can be 
written as a square provided that 



= W^uf^^'W^^ . (4.21) 
Writing out the expansions of the forms one can see that this does not hold in general. 
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4.2 Twisting in Hull's doubled formalism 

In this section we derive the twisted action from a supersymmetric a- model on Hull's doubled 
geometry [5l[6l[7]. Let us first consider the setting when M. and M. are 2-tori, which is easily 
generalized. The bosonic action is 



5i 



bos 



(4.22) 



+ (i?2)~^<9++X2'9 X2 + 29++x^(9 xx — 2d x^d^^xi 

+2d++x'^d X2 — 2d x'^d++X2 

where x^, x^, and Xi, X2, are all real coordinates ranging from to 1, with the endpoints 
identified. The metric components are: 



9u 



{R,Y , g22 = {R2Y , T={Rir , r={R2r- (4.23) 

The reason for the doubled plus/minus notation is that we'll shortly introduce worldsheet 
spinors, which carry single indices. The topological term in the second line of f l4.22p is crucial 
for establishing quantum equivalence with the standard bosonic string cr-model [26], which is 
derived by imposing the constraints 



d._{R,X'-^X, 
Hi 







(4.24) 



where the repeated indices are not summed over. For details of how the doubled action is 
quantized the reader is referred to the cited literature. We are also not going to be careful 
about overall normalization conventions for the action. 
The complex structure on M. is parameterized by 



>Ri 1 . R2 2 
— X +i\ — X 

R2 V Ri 



Ri 1 




2 2 



and the Kahler structure by R1R2 
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igy^ = iRiR2 . 



The quantities on M. are related to the above by T-duality: 




Xi — Zi 



'Rl^2 




Xi + i 




X 



R1R2 



In complex coordinates f l4.22p reads 
1 



5', 



bos 



2 

+ 



1 



/?ii?2(5++</.^a-_0^ + 9++(/)i<9__0^) 



(4.25) 



(4.26) 



(4.27) 



(4.28) 



R1R2 

+2d++(l)'d++^ - 2d__(l)'d++^j 
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and its supersymmetrization is: 



S — 5'bos + / di^z 



(4.29) 



+ 



R1R2 



The fermionic topological terms in the last two lines are necessary for establishing equivalence 
with the partition function of the standard supersymmetric a-model |27] . 

Let us generalize this to a 2n-torus, by taking g^-^ to be in the diagonal form, so g^j = R1R2, 
922 = etc., and g^-^ = g^-^ (with the reminder that g"'^ denotes the metric on A^, and 

g^l^ is the inverse). The A- twist on A4 is 

Of course, we could equivalently choose the complex conjugate of this. However, once the 
choice for Ai has been made, there is no longer any freedom in the choice for A4. Namely, 
for the fermionic topological term in fl4.29p to be a scalar after twisting, fl4.30p determines the 
twist on to be: 



Xc 



^7- 



With similar reasoning, up to overall complex conjugation, the B- twist is: 



-0: 



/3 



Xa 

The A-model action reads 



++ 



(4.31) 
(4.32) 



Xc 



/9 



s 



(4.33) 



+ g^-p{r-d+^ + v^J^-x") + r^i^d+xc. + r^d^xj) 

+ 2(9+0" - a_0"a+0, + a+0^a_0^ - 9_0^a+0^) 

+a+(x„C + ^Jx^) + 5-(^a + X^^J) 

where we've reverted to the old single plus/minus notation, since there are no spinors in the 
twisted actions. The doubled B-model action is 



S — S'bos + / dl^z 



/3- 



(4.34) 



+a+(x.C + ^Jx") + a-(xaV^: + 0^x^) 

where 5'bos is the bosonic part of the action, which is the same as for the A-model. 
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4.3 Choice of Lagrangian submanifold 

Expanding the action (14.11) in components, with the "prehminary" choice of Lagrangian sub- 
manifold given by fl2.28p and fl3.10p yields: 



S= d'z 



uJ^-0-''^+^ + ^po^'"^^'" + i5"^7r+„7r„^ + u^'^Ti^-pTi.^ (4.35) 

+C(zr + ^"^Xf) + <^%{-^^ + ^^"X") + C(-^Xa + ^a-p^) + ^A^Xp + u;-pc.r 

As in the standard A- and B-model AKSZ construction, we want to choose a more refined 
Lagrangian submanifold based on complex structures on M. and M.. These choices can be 
classified as follows. The possible field/antifeld flips are, 

vr^^r T^f^il vr;"^^^ T^f^iZ (4.36) 

accompanied by corresponding field/antifield flips for tt± and vr^. From these we pick two 
of the four components of irf and two of the four components of vr^, and leave the others 
unchanged. Choices related by simultaneous complex conjugation on the worldsheet and in 
target space are equivalent, but this still leaves a very large number of possibilities. However, 
the two choices corresponding to the twist discussed in the previous subsection are special. 
They are: 

• Doubled A-model 

IT ^p_ IT ^ IT TX — > TT TT ' Ipj^ , 

• Doubled B-model 

^ T^+T3 T^+-I3 7r_„ ^ ^+ 7r_^ ^ TT _^ (4.38) 

~+a^~+a 

After some experimenting with canonical transformations, it is not hard to see that for (I4.37P 
one can obtain a model that localizes on holomorphic maps, but that it's never possible to 
obtain a model that localizes on constant maps. The opposite is true for (I4.38p . namely, it's 
impossible to choose a fermion such that the model localizes on holomorphic maps. The other 
possible gauge choices are "intermediate" between the A- and B-models, by which we mean 
that some gauge-fixing fermions will generate models that localizes on constant maps, while 
others will result in localization on holomorphic maps. 
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4.4 The doubled A- and B-models 

In the following we will derive the twisted doubled models from section 14.21 via the ASKZ 
formalism. One way to do this is to start with the sum of two Poisson cr-models, namely (14. 2 p 
with the mixed terms set to zero, and perform the derivation of the standard A- and B-models 
for each, adding the appropriate topological terms at the end. But this procedure does not 
imply the T-dual relation between Ai and Ai, which therefore needs to be imposed by hand. 
Furthermore, it doesn't provide a construction which would eliminate all the intermediate 
gauge choices. This is because the mixed fermionic topological terms are not generated by a 
/ (PiiDX^DXk term in the AKSZ action, and an argument analogous to the one used in the 
twisting procedure can not be applied. 

On the other hand, starting from (14.21) the consistency of the theory in curvilinear coordi- 
nates implies that there should be a T-dual relation between the manifolds. The halving of 
degrees of freedom is also a desirable feature, because in order to obtain the twisted doubled 
models it is necessary to do so via a limiting procedure, which precisely eliminates all the 
intermediate choices of Lagrangian submanifold. In the what follows we consider this scenario 
in detail. 

The starting point is the action (14.350 with uj^-^ = OJ^-^. Making the choice of Lagrangian 
submanifold (14.371) yields: 



S= (fz 



^aff'^ "tt^'^ + ^'^"'T^+ff'^-a - in^^n " - in, -07^,-0 (4.39) 



Since the tt fields are separate from the rest, they can simply be set to zero. The rest of the 
action can be rewritten as 



S= I d?z 
1 



+ O(0*,(^,) 



To obtain the action of the doubled A-model, we make the field redefinitions 

^1; = ^^oT^r? + v^-" = J + r- (4.41) 

and also 



V + = ^^'"Xa-iX^ Ca = to^-jsX^ - iXa = ^aX" + iXp ■ (4.42) 
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However, at this point it is necessary to go to some point where u^-^ is not equal to uj^-^, 
because otherwise the transformations are singular, related to the observation made in the 
context of (I4.20p . The action now reads 



r*/3 



(4.43) 



where the primes have been dropped. The idea of the limiting procedure is therefore to violate 
cD^-g by an arbitrarily small degree, perform the field redefinition, after which we are 



a/3 



free to restore the equality. The canonical transformations are performed as for the standard 
A-model, with the obvious extension of (13. 2p to the tilde fields: 



(4.44) 



This gives us the BRST exact part of the action (14.331) (up to an overall factor of |). The 
topological term includes not only the usual puUbacks of the Kahler form to the worldsheet, 
but also the mixed topological terms. 

The choice of Lagrangian submanifold (I4.38p for the doubled B-model yields: 



S= d^z 



(4.45) 



T*I3 



0(0*, 0*) . 



After making the field redefinitions (I4.42p together with 



(4.46) 



r*/3 



we obtain 



d^z 



+ 0((/)*,(/),) . (4.47) 



From here on we mimic the B-model description given at the end of section [31 using the 
appropriate extension of the fermion (I3.2ip : 



d^z 



(4.48) 



The reason why the intermediate choices of Lagrangian submanifold are eliminated is 
because for them the action itself turns out to be proportional to uj^-^ — UJ^^, and is therefore 
set to zero by the limiting procedure. We will show this for a particular choice in the next 
subsection, but one can verify that it is true generally. 
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Finally, we will argue that the doubled model calculates \Zaib^ rather than Z^/b x Zaj^- 
A preliminary observation is that the map identifying T-dual directions between M. and M. 
also determines the volume form on one manifold in terms of the other (and clearly we utilize 
these particular volume forms when calculating the partition function). One can show that it 
is a holomorphic map between 0i and 0^, rather than an antiholomorphic one, which respects 
the orientations. In the doubled B-model observables are in correspondence with (O,j?)-forms 
with values in h?T^^''^^ M. wedged with (p, 0)-forms with values in N'^T'^^'^^ M.. Owing to (/)q, and 
0" being holomorphically related, it follows that the partition function calculates . As 
presented this only holds for a doubled six-torus, but it seems unlikely that the property gets 
destroyed once one considers a theory based a generic Calabi-Yau manifold. Why the partition 
function should calculate \Zj^ for the doubled A-model seems more difficult to understand. 
At this stage we can only give an argument based on the calculation of the full string partition 
function for a doubled torus, which is given for the bosonic string in [25] and the superstring 
in [27] . Namely, the instanton contribution to the partition function has a factorization Z x Z, 
and the relation to the standard formulation is obtained by taking the holomorphic square 
root. A crucial role in deriving this factorization is played by the mixed topological terms. 
It therefore seems reasonable to conjecture that the doubled A-model on a pair of generic 
Calabi-Yau manifolds calculates I^aP, and that a topological term constructed from W fl4.12p 
should play an important role. 

4.5 Intermediate gauge choices 

The intermediate choice of Lagrangian submanifold we consider in this section consists of 
making the same choice as in fl4.37p for but the complex conjugate one for M.: 

TT+a ^ T^+p 7r_„ ^ 7r_« 7r_^ ^ (4.49) 
After the elimination of auxiliaries we obtain: 

+ O(0*,0,), (4.50) 
where 

Ei^ := uji^ - ujij and F*-^ := cD*-' - uf^ . (4.51) 

This feature that the resulting action is constructed from the E and F tensors is characteristic 
of all the intermediate choices, and is the reason why these actions are set to zero in the limiting 
procedure discussed previously. To obtain a non-trivial theory we need to consider the opposite 
setting, when E and F are invertible. 

The feature of (14.501) we wish to illustrate is that one is able to obtain either a model 
evaluated on constant maps, or one evaluated on holomorphic maps, depending on the choice 



S / d^z 
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of gauge fixing fermion. For the B-type case there exists a canonical transformation such that 
the bosonic part of the resulting action is purely complex (the reader is reminded that our 
conventions always result in an overall factor of i). This mimics the situation for the standard 
B-model for which the complete bosonic term is contained in the 5brst exact part of the 
action. A simple choice for the fermion that achieves this is: 



The resulting action is given by, 



S= (fz 



(4.52) 



(4.53) 



*/3 



where we've performed the same coordinate transformation 04.421) as for the doubled A-model. 
The bosonic term involves a contraction between fields on M. and M., which indicates that the 
B-type model naturally sees a complexification of a single manifold, rather than a product. 
From the fixed point theorem, the transformations of the fermions imply the model is evaluated 
on constant maps: 

= = (9+0„ = = . (4.54) 
A simple choice of gauge fixing fermion for an A-type model is. 



^ = j d?z 
which yields the action: 



S= (fz 



(4.55) 



(4.56) 



From the transformations of the fermions one can read off that the model is evaluated on 
holomorphic maps: 



d^4>p = d+(f)" = = d+(t)a = 



(4.57) 
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Unlike the B-type model, here the contractions of the bosonic part are only between fields on 
the same manifold, and in this sense the A-type model sees a product of two manifolds rather 
than a complexification. If there exists some physical action related to this topological model, 
it is reasonable to assume that the bosonic part of such an action is real. The topological 
terms that need to be added to (14.561) are: 



The central problem in understanding the significance of the intermediate choices, and in 
particular the feature that they are able to interpolate between A-type and B-type models via 
a gauge transformation, is to understand the general solution to the master equation when E 
and F are invertible. This task is certainly a very complex one, but it may gives a concrete 
setting for the idea of [1], that the mirror map can be understood as a Wick rotation in the 
AKSZ formalism. The one solution considered in this paper was the -t- sign case in (14. 9p . but 
this is by no means exhaustive. For example, we are not able to explore the whole region of 
moduli space not accessible by the normal coordinate expansions, when one or both of the 
manifolds are at a large curvature point in the moduli space. One hope would be that the 
SYZ construction can give some insight about the existence of such solutions. Even in the 
fiat space case, when we choose E and F invertible with u^^ = —uj^^, going from the A- to 
the B-type formulation involves a redefinition of fields that mixes large and small directions. 
It is conceivable then that in the general setting one should look for a solution when one of 
the manifolds is at small volume and high curvature, and the other at large volume and small 
curvature, and that the transition between the A- and B-type models involves the SYZ map 
[28] . A different possibility is that Ai and Ai are mirror manifolds, because then the invariance 
under the gauge choice could be implied by the defining property of mirror symmetry, in the 
sense that the A- and B-type models are equivalent due to: 



This is still a more naive guess than it may appear, since it's not clear how the partition 
functions of the intermediate models relate to the standard A- and B-model. There is certainly 
a discrepancy with the standard B-model (I3.16p . or rather its doubled version (14.341) . because 
in (I4.53P we haven't dropped half of the ghost fields, and it would seem that the observables 
are in correspondence with de Rham cohomology classes on x A^. There is little help from 
considering the A-type side, since deciphering the role of the topological terms (14.581) is some 
way from what we are able to do at present. We give some further remarks about this in the 
final section. 



/ 




^F,^(a+0"a_/ - ) - ^E"^{d^<P^d.<l>f^ - . (4.58) 



Za{M)Za{M) = Zb{M)Zb{M) . 



(4.59) 
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5 The mathematical perspective 



actions are in correspondence with Lie a. 
correspondence with Courant algebroidsj^ 



It mathematical hterature it has been estabhshed for some time that two-dimesnionsal AKSZ 

gebroids, while three dimensional actions are in 
The relation of the two-dimensional actions to 
the A- and B-models, and also to the topological string, is clearly established. In fact, the 
AKSZ structure underlying the A- and B-model actually corresponds to the richer structure 
of a Lie bi-algebroid (see Appendix [B])J^ It is tempting to assume that there also exists 
a relation between AKSZ topological membrane actions and topological M-theory. In this 
paper we have argued that the twisted action on Hull's doubled geometry calculates the norm 
squared of the A- and B-models, rather than just the squared amplitude. What has spurred 
the interest in considering a relation to topological M-theory is the result from [8], where 
the Hitchin functional formulation of M-theory on a Calabi-Yau times a circle is shown to 
calculate the Wigner transform of IZa/bI"^ (at least this is clearly established on the B-model 
side). In the following we wish to note an intriguing mathematical construction that involves 
a doubling of coordinates as a step in establishing a relation between Lie bi-Algebroids and 
Courant algebroids, or in the AKSZ language, the relation between two- and three-dimensional 
topological theories. 

One significance of the fact that the A- and B-models have a relation to Lie bi-algebroids, 
rather than just Lie algebroids, is that the former can be mapped into Courant algebroids. In 
the AKSZ language this map manifests itself in the fact that a three dimensional AKSZ action 
corresponding to a Courant algebroid which has a Lie bi-algebroid origin, is a total derivative, 
and reduces to a two dimensional topological theory on the boundary [2SI[I1|. In the present 
context we are more interested in the explicit construction of this map given in [30] • The crucial 
ingredient is the construction of the Drinfeld double of a Lie bi-algebroid which is given by the 
supermanifold T*IIA together with a nilpotent vector field on it, where 11 denotes the parity 
reversal while A is the vector bundle in question. In addition an isomorphism between T*IIA 
and T*IIA* is established. For the topological A- and B-models A* needs to be identified 
with T*Ai. Now, T*IlT*Ai is a manifold with twice the number of coordinates. Locally 
we could take Xi to be the coordinate tangent to Ai (i.e. tangent to the even directions 
of IIT*A4), while tTj would be interpreted as the coordinate tangent to the odd direction of 
IlT*Ai. Globally, T*Ai certainly can not be identified with the type of doubled manifold that 
arises in a T-duality invariant formulation of physics. For the doubled torus this is obvious, 
since then Xi corresponds to a compact direction, whereas on IlT*Ai this direction is non- 
compact. It would seem that one needs to exponentiate T*IlT*Ai in some way, just as one 



^For reference we have written down the definitions of these structures in Appendix [B) The reader is 
referred to [551[T31[21] and [301 131] for a more complete discussion of this correspondence, the former from the 
physics and and the latter from the mathematics perspective. 

^This is also true of more general topological models based on generalized complex structures [24] . 



26 



would need to exponentiate the Drinfeld double Lie algebra to obtain the group. 

A further point of interest is that T*IIA and T*IIA* are identified via a type of Lagrange 
transform. If we take T*IlT*Ai and T*IlTAi to correspond locally with the doubled manifolds 
we considered in this paper, then this Lagrange transform relates the actions fl4.ip and (14.21) . 
In establish a relation between the two actions we need to take u^-^ = — since (14. ip is 
degenerate when oo^p = u^-p. With this choice the doubled twisted model of section 142) can be 
obtained starting from (14. ip . and as we have argued this calculates \Za/b\'^- On the other hand, 
these are not the quantities calculated from (14.10 . as was established in section H75l Now, in 
[SI H] it is shown that the object related to Zb by a Lagrange transform is (/_^ i^Afi), where VL 
is the holomorphic three-form. It seems unlikely that the appearance of a Lagrange transform 
both on the physics and the mathematics side, in a closely related context, is an accident, and 
this is certainly worth investigating further. If they can be identified, the implication would 
be that the B-type intermediate gauge choice of section 1^31 calculates (/^ VL A fi)^. 

In conclusion, it would be of interest to understand the relation of the mathematics litera- 
ture and the doubled formalism of physics more precisely, and to understand what kind of an 
extension is needed to rigorously define the doubled objects relevant for a T-duality invariant 
formulation of string theory. 
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A Notation and conventions 

• We consider diffeomorphic Calabi-Yau manifolds: M. and M.. Following this notation, 
coordinates and fields on M. always carry a tilde symbol. 

• For AKSZ actions in components antifields are denoted by *, while in deRham superfields 
TTi is the antifield of X*, and tt* the antifield of Xj. 

• The BRST transformations of the topological theories are always expressed by writ- 
ing down the extended Batalin-Vilkovisky action. The reader who is trying to under- 
stand the paper but is not familiar with the BV formalism, can initially read off the 
BRST transformations from the terms linear in the antifields worry about the AKSZ 
construction later. For example the BRST transformation in the topological A-model 
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(^BRST^* = X% (^X* = is expressed in the extended action (see for example (14.431) ) by 
the presence of the term 

'd'zcj^^x'- (A.l) 



A term proportional to x* is missing precisely because the transformation of x is trivial. 

B Definitions of Lie and Courant algebroid structures 

A Lie algebroid [32] L is a vector bundle on together with a Lie bracket [■, ■] that acts on 
sections of L, and an anchor map a : C°°{L) —>■ C°°(TA1) that satisfies: 

a{[X,Y]) = [a{X),a{Y)] (B.l) 
[X, fY] = f[X, Y] + {a{X)f )Y WX, YeC^{L)Je C^{M) . 

There exists a natural exterior derivative (11 '■ C°°{A''L*) C°°(A'^+^L*), where L* is the 
dual space to L that obeys {diY = 0. If obeys the Leibnitz rule with respect to the Lie 
algebroid bracket on L*, then [L,L*) is said to have the structure of a Lie bi-algehroid. 

A Courant algebroid [531 SO] is a vector bundle E with a bilinear form (, ), a bracket [, ], 
and an anchor map n : E —>■ TM. obeying 

7r([X,y]) = [7r(X),7r(y)] ^X,YeC^{E), (B.2) 
[X, fY] = f[X, Y] + iaiX)f)Y + {7i{X)f)Y - (X, Y)Vf VX, Y e C^{E), f G C°°(A^) 
{Vf,Vg) = \/f,geC^iM) 

7i{X){Y, Z) - ([X, Y] + V{X, Y),Z) + {Y, [X, Z] + V{X, Z)) VX, F, Z G C^{E) 

[X, [y, z\\ + [F, [z, X]] + [z, [X, F]] = ^P(Nij(x, y, z)) vx, f, z g c°°(i?) , 

where 

Nij(X, y, Z) := ([X, F], Z) + ([F, Z], X) + ([Z, X], F) , (B.3) 

and P is a map C°°(A<) ^ C°°(£;) defined by the property (P/, X) = \K{X)j V/ G 
C°°(A<),X G C°°(^). 

References 

[1] M. Alexandrov, M. Kontsevich, A. Schwartz and O. Zaboronsky, "The Geometry of the 
master equation and topological quantum field theory," Int. J. Mod. Phys. A 12, 1405 
(1997) |a rXiv:hep-th/9502010] . 

[2] I. A. Batalin and G. A. Vilkovisky, "Gauge Algebra And Quantization," Phys. Lett. B 
102 (1981) 27. 



28 



[3] I. A. Batalin and G. A. Vilkovisky, "Quantization Of Gauge Theories With Linearly 
Dependent Generators," Phys. Rev. D 28 (1983) 2567 [Erratum-ibid. D 30 (1984) 508]. 

[4] C. M. Hull, "A geometry for non-geometric string backgrounds," JHEP 0510, 065 (2005) 
|arXiv:hep-th/0406102| . 

[5] C. M. Hull and R. A. Reid-Edwards, "Flux compactifications of string theory on twisted 
tori," |arXiv:hep-th/0503114[ 



[6] A. Dabholkar and C. Hull, "Generalised T-duality and non-geometric backgrounds," 



JHEP 0605, 009 (2006) |arXiv:hep-th/05 12005] . 

[7] C. M. Hull, "Doubled geometry and T-folds," JHEP 0707, 080 (2007) 
(arXh^ep-th /0605 149| . 

R. Dijkgraaf, S. Gukov, A. Neitzke and C. Vafa, "Topological M-theory as unification of 
form theories of gravity," Adv. Theor. Math. Phys. 9 (2005) 603 | arXiv:hep-th/0411073j . 

[9] H. Ooguri, A. Strominger and C. Vafa, "Black hole attractors and the topological string," 



Phys. Rev. D 70 (2004) 106007 arXiv:hep-th/0405146|. 



[10] V. Pestun and E. Witten, "The Hitchin functionals and the topological B-model at one 



loop," Lett. Math. Phys. 74 (2005) 21 arXiv:hep-th/0503083]. 



[11] A. S. Schwarz, "Geometry of Batalin- Vilkovisky quantization," Commun. Math. Phys. 
155 (1993) 249 jarXiv:hep-th/9205088| . 



[12] A. S. Schwarz, "Topological quantum field theories," arXiv:hep-th/0011260 



[13] A. S. Cattaneo and G. Felder, "A path integral approach to the Kontsevich quantization 
formula," Commun. Math. Phys. 212, 591 (2000) |ar Xiv:math/99020 90]. 

[14] V. Stojevic, "Topological A-Type Models with Flux," JHEP 0805 (2008) 023 
|arXiv:0801. 11601 [hep-th]]. 

[15] A. Rogers, "Gauge fixing and equivariant cohomology," Class. Quant. Grav. 22 (2005) 
4083 [arXiv:hep-th/0505241j . 

[16] A. S. Cattaneo and G. Felder, "On the AKSZ formulation of the Poisson sigma model," 
Lett. Math. Phys. 56, 163 (2001) [a rXiv:math/0102108| . 

[17] A. S. Cattaneo and G. Felder, "Poisson sigma models and deformation quantization," 
Mod. Phys. Lett. A 16, 179 (2001) [arXiv:hep-th70102208] . 

[18] E. Witten, "Topological Sigma Models," Commun. Math. Phys. 118 (1988) 411. 



29 



[19] E. Witten, "Mirror manifolds and topological field theory," arXiv:liep-tli/9112056f 



[20] M. Marino, "Les Houches lectures on matrix models and topological strings," 



arXiv:hep-tli/0410165 



[21] M. Marino, "Chern-Simons theory and topological strings," Rev. Mod. Phys. 77 (2005) 
675 |arXiv:hep-th/0406005] . 

[22] N. Ikeda and T. Tokunaga, "An Alternative Topological Field Theory of Generalized 
Complex Geometry," JHEP 0709 (2007) 009 [ arXiv:0704T0T5l [hep-th]]. 

[23] C. Hofman, "On the open-closed B-model," JHEP 0311 (2003) 069 
|arXiv:hep-th/0204157| . 

[24] V. Pestun, "Topological strings in generalized complex space," Adv. Theor. Math. Phys. 
11, 399 (2007) | arXiv:hep-th/0603145j . 

[25] K. Higashijima, E. Itou and M. Nitta, "Normal coordinates in Kaehler manifolds and the 



background field method," Prog. Theor. Phys. 108 (2002) 185 |arXiv:hep-th70203081| . 



[26] D. S. Berman and N. B. Copland, "The string partition function in Hull's doubled for- 
malism," Phys. Lett. B 649 (2007) 325 [arXiv:hep-th/0701080j . 

[27] S. P. Chowdhury, "Superstring partition functions in the doubled formalism," JHEP 
0709, 127 (2007) |arXiv:0707.3549f [hep-th]]. 

[28] A. Strominger, S. T. Yau and E. Zaslow, "Mirror symmetry is T-duality," Nucl. Phys. B 



479 (1996) 243 arXiv:hep-th/9606040] 



[29] N. Ikeda, "Deformation of Batalin-Vilkovisky Structures," arXiv:math/0604157| 



[30] D. Roytenberg. Courant algehroids, derived brackets and even symplectic supermanifolds. 
PhD thesis, UC Berkeley, 1999. |math.DG/9910078, 



[31] D. Roytenberg, "AKSZ-BV formalism and Courant algebroid-induced topological field 
theories," Lett. Math. Phys. 79, 143 (2007) |a rXiv:hep-th/0608150j . 

[32] K. Mackenzie. Lie groupoids and Lie algehroids in differential geometry, volume 124 of 
London Mathematical Society Lecture Note Series. Cambridge University Press, Cam- 
bridge, 1987. 

[33] Z.-J. Liu, A. Weinstein, and P. Xu. Manin triples for Lie bialgebroids. J. Diff. Geom., 



45:547-574, 1997, dg-ga/9508013 



30 



